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THE MOVING MODIFIED KdV SOLITONS IN POLYACETYLENE

KAROL PESZ
Institute of Organic and Physical Chemistry
Technical University, 50-370 Wroctaw, Poland

Abstract The fact is explored that the continuum

model of polyacetylene is isomorphic to the well-
known Zakharov-Shabat problem of 1-d scattering.

It is shown that the gap parameter A(x,t) may be

viewed as some solution to the modiTied Korteweg-
de Vries equation.

INTRODUCTION

The competition between the "solitonization"1 and "po-
laronization"2 of the excitations resulting in the cou-
rse of electron-phonon interactions in trans-polyacety-
lene seems to be winned9 by the former, mainly due to
the specific polymer structure and degeneracy of ground
state. However, the existence of kinks is strongly con-
nected with dynamicsj. I argue that the continuum model
of polyacetylene allows for discussing "bumps" /whatever
they are named/ in terms of KdV waves.

BASIC EQUATIONS

The Takayama, Lin-Liu and Maki® /TLM/ continuum model
of polyacetylene yields for the mean-field gap parame-
ter A and components of the spinor W(x) ={ u(x), v(xu
the following set of equations which are obtained from
a variational principle
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€u” =miviug + A V° (1)
V7 = vy + A u? (2

2 %*
Ax) = - %5-2- nZ[v:n(x)\f‘(xH un(x)vn(x)] (3)

where én play the role of Lagrange multipliers. After
the linear transformation f =u + iv, g = u - iv, equ-
ations (1) and (2) can be set in the form

to + B -Utx))t =0 (4)

By + {E° - UT(x)}8 = O (5)
where U = / 2 + Aer E = €/vpy A= A/vp and the subsc-
ripts n are omitted. A similar eigenvalue problem has
been discussed long ago for U being a Lamé function5.
For periodic eigenfunctions the continuous /or quasi-
continuous/ spectrum reveals the gap. In fact, in our
case there are two gaps connected with two potentials
v, As the problem issues in considering the stability
of soliton solutions to other non-linear field theories,
Horov1t26 concluded that the sine-Gordon physics can be
introduced for solitons in polyacetylene.

For the Sturm~Liouville problem as given by equati=
ons (4) and(5) it appears that there is also discrete
/infinite/ spectrum of eigenvalues with eigenstates be-
ing square-integrable7. The important feature of the
discrete part of the spectrum reveals the significant
property that if we allow for tE to be time-~dependent,
the eigenvalues E are constants of motion. And then U
should satisfy the Korteweg-de Vries equation
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U +6U%UZ + UZ = 0. (6)

In fact, in polyacetylene we seek for excitations with
a time~independent spectrum., It is not so obvious that
electronic energies are time-independent since the sta-
rting problem is non-linear and solutions to the non-
linear equations of motion depend usually explicitly on
time and space /Fourier components are mixed locally/.

It is worth to notice that UX resembles the trans-
formation introduced by Miura7 which connects the KdV
and modified KAV equations., Substitution both of the
potentials Ut into equation (6)shows that they can be
satisfied simultaneously only if /(x,t) satisfies the
modified K4V equation

Ay -602%D5+ Doy =0 (7)

This is the exact equation for the time and space evo-
lution of the gap parameter,

Time dependence of wave functions

Assuming the equations for space and time evolution for
u and v are of the same shape and putting u = Au + Bv,
Vi = Cv + Du, we obtain

u, = E(A 2 + 2E%)u - {2(42 + 28%)+
S E v By} Y (8)
= -E(A2 + 283 v + {24(7 % + 257)+

+ 2A 4B = [ gy fu (9)

under the additional assumption that the coefficients

Vi
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AyeeeyD are polynomials in E of a degree not higher
than three,

Taking time derivative of both sides of eq. (3)and
using equations (1),(2),(8),(9) it can be shown that

by =B E(WR+w2)s 1e(4 2+ 28B)(d' v - viu)=
=6A-°-Ax-Am (10)

thus the modified KAV equation is compatible with the
self-consistency condition (3).

Simple solutions
The moving SSH domain-wall A= Aotanh ¥/ ?o' where ¥=
= x - ct, satisfies equation (7)in the dimensional form

Ve - B2 8% Dy + 52720 4uy = © (11)

as well as KdV equation for U, The velocity ¢ can be ob-
tained from energy considerations., Also the polaron so=-

lution of Onodera and Okun08 admits this point of view,

Unfortunately no soliton lattice that would satisfy all

above conditions does exist although the multi-soliton

as well as breathers can be found,
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